Kuwait University

Department of Mathematics Final examination, 5 June 2011
Math 101: Calculus I Duration 120 minutes
Answer all of the following questions.

Calculators and mobile telephones are not allowed.

1.

10.

(@) [2pts.] Findlj_%(Zx—\/ 4x2+5x).
... Xsin(x—2)
(b) [2pts.] Fmdnlcl-lgxz—3x+2'
[4 pts.] Let
ax+b forx <0
f(x)={x2+a-b for0<x<2
cos(x —2) forx>2.

Find the values of a and b for which f is continuous on (—00, 00).

[4 pts.] Let k be any real number. Show that the equation x* — 15x +k = 0 has at most
one root in [—2,2].

[4 pts.] Find the value of m < 0 that minimizes the area of the region bounded by the
x-axis, the y-axis, and the line y =mx 45— 3m.

. [4pts.] The curve y = f(x) has slope f'(x) = v4x +1 + xsin(x?) + 1, and passes

through the point (0, 1). Find f.
[4 pts.] Prove that

P il

-< —dx <3.

1 e 2 X

[4 pts.] Find the smallest positive critical number of
x2
f(x)= f cos(t*?)dt.
0

[4 pts.] Find the area of the region bounded by the graphs of y = 8/x?, y = 8x, and
s s

[4 pts.] Find the volume of the solid obtained by the rotating the region bounded by
y = +/x, the x-axis, and x = 4 about the line x =5.

Let f(x) = v/x.

(a) [2pts.] Find the average value of f on the interval [4,9].

(b) [2 pts.] Find the number c that satisfies the conclusion of the Mean Value Theorem
for Integrals for the function f on [4,9].




Solutions Math 101, Spring 2011, Final examination

1. (a) Forx >0,

Jav2
2x — V4x2+5x = (2x—\/4x2+5x)2x+ T Aox
2x + V/4x2 + 5x

5x 5

_2x+\/4x2+5x __2+\/4+5/X‘

Hence,

5 5
lim (ZX — \ 4x2 +5x) = —_.

x—00 24+V34f0 4

(b) xsin(x—2)  x  sin(x —2)
x2-3x+2 x-1 x-2

So,

xsin(x—2) 2

im = -1=2.
x=2x2-3x+2 2-1

2. The functions ax + b, x> 4+ a — b, and cos(x — 2) are continuous everywhere. Therefore, one
only needs to check that f is continuous from the right at 0 and 2, i.e.

f(0)=b= lim f(x)= lim x>4+a—b=a—-b
x—0" x—0T
and
f(2)=4+a—-b= lim f(x)= lim cos(x —2)=1.
x—2F x—27F

The equations

b=a-0> o a=-6
4+a-b=1 .

3. Let f(x) = x3—15x+k. Suppose that the equation f(x) = 0 has two roots a < b in the interval
[—2,2]. Then f is continuous on [a, b], differentiable on (a, b), and f(a) = f(b) = 0. Hence
by Rolle’s Theorem, there is a ¢ € (a, b) such that f’(c) = 0. However, f’(x) = 3x? — 15 <
3(22) — 15 = —3 for all x € (—2,2). Thus, by contradiction, there cannot be two roots in the
interval [—2,2].

4. The line y = mx + 5 — 3m intercepts the x-axis when x =3 —5/m.
The line y = mx 4+ 5 — 3m intercepts the y-axis when y =5 — 3m.



This implies

dA 1 94 25 9 5 + 5
R — JE— — e = — m— — m — .
dm 2 m? 2m? 3 3
Hence A has a critical number m < 0 if and only if m = —5/3.
d?A 25 o ¢ o
— = or m < 0.
dm? m?3
So by the Second Derivative Test, m = —5/3 is a minimum.
Answer: m = —5/3.

. By the substitution u = 4x + 1, there holds f Vax +1dx = f ul/? }‘du = %ug/z +C.

By the substitution v = x2, there holds fx sinx2dx = fsinv %dv = —% cosv+C.

Hence,

flx)= %(4){ +1)32 - %cos(xz) +x+C
for some number C. Because f(0) =1,

1=1[4(0)+ 1% - 2cos(02)+0+C = -+ = C=
Answer:

flx)= % [(4x + 1)3/2 —3cos(x?)+ 6x —|—8J for x > —1/4.

6. If1/2<x<2then1/2<1/x<2.



1/2_ y=1/x

1/2

3 1\ 1 29 1
To(2-Z)Z<| Zdx<|[2-Z)2=3.
4 2)2 "), x 2

. Let u = x2. Then, for x > 0,

So,

d (" d (* d
fl(x)= af cos(t3/?)dt = (EJ cos(t?’/z)dt) ﬁ = cos(u®/?)2x = 2x cos x°.
0 0

Hence, the smallest positive critical number is given by the smallest positive root of cos x> = 0,
ie.x=13/m/2.

. The curve y = 8/x2 and the line y = 8x intersect when 8/x? = 8x, i.e. x =1 and y = 8.
The curve y = 8/x? and the line y = x intersect when 8/x2 = x, i.e. x =2 and y = 2.
The lines y = 8x and y = x intersect when 8x = x,i.e. x =0and y =0.




The area

! >r8 1 8 x27?
A = (8x —x)dx+ (—z—x) dx=|:7xi| dx+ | ————
0 1 X 0 X 2 1

= 7(1)-7(0)+ 8 2 8 I =---=6
B 2 2 1 2) 7
9. By the method of cylindrical shells, the volume
4
V= f 2nrhdx
0
where
r=5-x and h=+x.
y |
Y= ﬁ — /‘:’ -
E xX=5
: x
So,
4 4 10 2 g
vV = 2n(5 — x)vxdx =27 (le/z — x3/2) dx=m [—x3/2 - —xs/z]
0 0 3 5 0
_ 10 43/2 _ 245/2) — ... — 416
= 227'5(?4 -4 )— =M

By the method of disks and washers,

2
1% :f I:ﬂ:(rollter)z - ”(riﬂner)z] dy
0

where

_ 2 —
Touter = 5— Y and Tinner = 1.



=
I
93]

So,

2 2
vV = J [77:(5—}/2)2—7'512] dysz (y*—10y% +24)dy
0 0

= w[lyS -3 424y] = [125- 023 4 24)] = = 48

10.
y ¥y =+x

(a) The average value is

38

9 9
1 172 2
o de == | 2532 | =2 (932 _g3/2) =...=2%
9—4J4f(x) X 5[3x ]4 15 (977 -47) 15

(b) The number c is such that

38

1 9
\/E=f(c)=9_—4f f(x)dX=E-
4

So ¢ = (38/15)? = 1444/225.





